876

J. AIRCRAFT

Examination of the Flap-Lag Stability
of Rigid Articulated Rotor Blades

K. R. V. Kaza*
NASA Lewis Research Center, Cleveland, Ohio

and

R. G. Kvaternik
NASA Langley Research Center, Hampton, Va.

VOL. 16, NO. 12

ARTICLE NO. 79-4150

A critical examination of flap-lag stability of a centrally hinged, spring-restrained rigid blade in both hover
and forward flight is presented. Several differences in the equations of motion for blade flap-lag stability in the
existing literature are identified. A rigorous and systematic development of these equations for a rigid articulated
blade in forward flight shows the existence of some linear aerodynamic coupling terms associated with blade
steady-state flapping and lagging in the perturbation equations. The differences identified are shown to be
associated with whether or not the lag hinge flaps with the blade. The implications of these differences on
stability are examined, and it is shown that the pitch-lag coupling terms associated with a hinge arrangement in
which the lag hinge flaps with the blade have a marked influence on flap-lag stability, depending on the system

parameters.

Nomenclature

a =section lift curve slope

b =number of blades

c =section chord

Cay =blade mean profile drag coefficient

€s.C; = viscous damping coefficient in flap and
lag, respectively

Cr = thrust coefficient

Cy = horizontal force coefficient

dL,dD =incremental lift and drag forces,
respectively

D, = parasite drag

8,6, }2 = unit vectors

dr,, dF,,..., dF,  =components of elemental forces

H =rotor longitudinal force

I =mass moment of inertia of blade in flap
and lag

kg, k, =spring rate about flap and lag hinges,
respectively

Mg, M, =aerodynamic moments in flap and lag,
respectively

D =dimensionless rotating flapping
natural frequency at =0

r = spanwise position of blade element

R =blade tip radius

T =rotor thrust; kinetic energy

=resultant velocity perpendicular to

blade-span axis at blade element

Ur,Up, Uy =relative radial, normal, and tangential

. velocity components
V =magnitude of forward flight velocity;

potential energy
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= wind velocity vector [Eq. (16)]
= totalvelocity vector [Eq. (17)]

=induced
downward

velocity at

rotor, positive

=inertial axes in hub plane with origin at

hub

= hub-fixed rotating axes
=blade-fixed rotating axes

=rotor side force

=blade section angle of attack;

between shaft

axis

angle

and plane per-

pendicular to flight path, positive when
axis is pointing rearward

=flapping angular displacement of blade
measured from plane of rotation, positive

upward

= blade Lock number, y=pacR*/I

=lead-lag angular displacement of blade,
positive in direction of rotor rotation

=viscous damping ratio in flap and lag,

respectively

= blade section pitch angle, positive leading

edge upward

= blade collective pitch

= cyclic pitch components

=inflow ratio (Vsine —v;) /R, positive up
= advance ratio, Vcosa/QR

= air mass density

=position vector of blade mass element with
respect to hub-fixed rotating axes

=rotor solidity

=inflow angle at blade element in plane
perpendicular to blade span axis

=blade azimuth angle measured from
downwind position

rotation

=rotor angular velocity
=angular velocity of hub-fixed rotating axes

in direction of

=nondimensional nonrotating flap and lag
natural frequencies, respectively, at § =0
=steady-state and perturbation variables,

respectively

= time derivative, d( )/d¢

= transpose
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Introduction

HE analytical efforts directed to blade flap-lag stability

which are described in the literature are based on
essentially two types of mathematical models. The first
modelZ12 consists of a centrally or offset-hinged, spring-
restrained rigid blade. This model has been used to analyze
rigid articulated blades and hingeless blades approximated by
virtual hinges. The second model!3-'? treats the blade as an
elastic beam and has been applied to the analysis of hingeless
blades. Adopting the first model, the present authors have
become involved in some analytical studies related to the flap-
lag dynamics of helicopter rotor blades. As part of this effort,
the second-degree nonlinear equations of motion for the flap-
lag stability of an articulated, centrally hinged, spring-
restrained rigid blade were developed. To verify the validity of
these equations, comparisons were made with several sets of
equations already existing in the literature. These com-
parisons identified some differences in the aerodynamic
terms. The differences which were identified are in some
aerodynamic pitch-lag and pitch-flap coupling terms
associated with blade steady-state flapping and lagging in the
linear perturbation equations. Careful. comparative
examinations revealed that the differences are a consequence
of the arrangement of the flapping and lagging hinges; in
particular, whether or not the lag hinge flaps with the blade.
In the usual derivation of the equations of motion, the hinge
arrangement is reflected in the order in which the flapping and
lagging rotational transformations are imposed. In Refs. 2-15
equations of motion have been derived either for the case in
which the lag hinge flaps with blade (a flap-lag hinge
sequence) or for the case in which the flap hinge lags with the
blade (a lag-flap hinge sequence), but not for both, and the
effect of hinge sequence on stability has not been addressed.
The effect of hinge sequence on flap-lag stability of a rigid
articulated blade was identified in Ref. 16 for the case of
hover. These results and the accompanying discussion are,
however, unclear with regard to the differences in the
equations of motion which are associated with the hinge
sequence and the role of the hinge sequence in flap-lag
stability.

The purpose of this paper is to explain these differences by
deriving in detail the flap-lag equations of motion of a rigid
blade in forward flight assuming both flap-lag and lag-flap
hinge sequences and to examine the implications of these
differences on blade flap-lag stability in both hover and
forward flight.

Some Qualitative Considerations

The establishment of the blade flap-lag equations of motion
by either energy or Newtonian approaches requires the
specification of the position vector of an arbitrary point on
the blade in the displaced configuration. This position vector
can be conveniently obtained by performing a sequence of
rotations and translations from inertial axes fixed in the hub
to axes fixed at the arbitrary point on the blade. In such an
approach, rotation of coordinate axes corresponds to matrix
multiplication and a  translation of coordinate axes
corresponds to matrix addition. The order of the rotational
transformations due to flapping and lagging motions of the
blade is of concern here because of the nonlinear nature of the
governing equations of motion. It is well recognized that if
one is developing a linear set of governing equations, the
order in which the transformations are carried out is unim-
portant. However, if one is developing the second-degree
nonlinear equations, care must be taken to insure the
retention of all second-degree terms in the product of the
transformation matrices. In this case, the transformation
matrices associated with rotations are not commutative, and it
is quite natural to expect differences in the equations.

Consider the case of the articulated blade shown in Fig. 1.
When the flap and lag hinges are noncoincident, the radial

ROTOR FLAP-LAG STABILITY 877

\iﬁ‘c

(a) LAG HINGE OUTBOARD OF FLAP HINGE;

(b) LAG HINGE INBOARD OF FLAP HINGE.
Fig. 1 Hinge geometry for articulated blade.
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Fig. 2 Geometry for aerodynamic velocity components and for trim
calculations.

TOP VIEW

position of the hinges clearly defines the kinematics of the
blade motion and suggests the natural order in which to
impose the flapping and lagging rotations to write the position
vector of an arbitrary point on the blade. When the flap hinge
is inboard of the lag hinge so that the lag hinge flaps with the
blade (Fig. 1a), usual practice is to impose a flapping rotation
followed by a lagging rotation. When the lag hinge is inboard
and does not flap with the blade (Fig. 1b), the rotational
transformation sequence is usually lag followed by flap. Now
the hinges can also be coincident, in which case the question as
to whether or not the lag hinge flaps with the blade must still
be addressed since, depending on the structural configuration,
it is physically possible to have either situation when the
hinges are coincident.

The case of coincident hinges located at the shaft is a
simplification often addressed analytically in the literature.
However, often it is not clear as to what hinge sequence is
being considered. On the basis of the above considerations,
for the case of either coincident or noncoincident hinges, if
the lag hinge (either physical or virtual) flaps with the blade,
the wusual transformation sequence while deriving the
equations of motion is flap followed by lag, and if the flap
hinge lags with the blade, the usual transformation sequence
is lag followed by flap. It should be noted that typical
hingeless rotor blades have a flap-lag virtual hinge sequence.

Analytical Formulation
In this section, the flap-lag equations of motion for a rigid,
articulated blade in forward flight are developed assuming
both a flap-lag hinge sequence and a lag-flap hinge sequence.
For convenience, the hinges are assumed to be coincident and
located at the shaft. The equations are derived in a coordinate
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system xyz rotating with the hub (Fig. 2). The aerodynamic
forces are based on linear, quasisteady strip theory; stall,
compressibility, and reversed flow are not considered. The
induced inflow is assumed to be uniform and is obtained from
momentum theory.

Dynamics
For a flap-lag hinge sequence, the usual rotational trans-
formation sequence is flap followed by lag. For this case, the

hub-fixed rotating axes xyz are related to the blade-fixed axes
X,¥,%, according to

X X,
yir =I[Tgl <, ¢))
< e
where
[(Tr ] =[T3]1IT,] (2)
cosB 0 ~—sinf cos¢ —sin{ 0
= 0 1 0 sin{ cos{ O 3)
sin@ 0 cosf 0 0 1

Using Eq. (1), the position vector of an arbitrary mass point
on the elastic axis of the blade (x, =r, y,=z,=0) is given by

p =rcosfBcos{é, + rsingé, + rsinBcos{é, 4)

Noting that the angular velocity of the xyz system with respect
to inertial axes can be written as

w=Q¢

2 &)

the absolute velocity of the mass point expressed in the hub-
fixed rotating system xyz is

bE-=a—+w><p ©)

which leads to
p=—r(cosBsing + cosgsingh
+0sing) €, + rcos§§+Qeosfeos) é,
+r(cosgcosB — sinBsing ) &, ™

Substituting p into the kinetic energy expression
R
=1 5-p)m ®
leads to
T=1I[{2+B2cos?t+Q2 (sin? i+ cos2{cos?f3)
+ 2Q8sinBsin{cos{ + 2QfcosB] )

where the blade flapping and lagging inertias, assumed to be
equal, are given by

R
I= So r’dm a0
The potential energy and dissipation functions are

V=1skgB2 + Vik, £? (11
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D= YscaB2 + Yo, {2 (12)

Substituting Egs. (9), (11), and (12) into Lagrange’s equation
and retaining terms through second degree in the dependent
variables 3 and { leads to

B+ 208+ 2(5p06 +p?Q2B=M, /I (13a)
F+2088+ 250,90+ Q%wlr=M,/I (13b)

where M and M, ¢ are the generalized aerodynamic forces and
the following definitions have been introduced:

pP=I1+w}
@3 =ky /020 (14)
w2=k,/921

If a lag-flap hinge sequence is employed, the hub-fixed
rotating axes xyz are related to the blade-fixed axes x,y,z, -
according to

X X, X,
yor =[Tel <2, =[T§][Tﬁ] Y2 (15)
4 2, <2

Following the same steps as outlined above for the flap-lag
hinge sequence leads to the same equations given as Eqs. (13a)
and (13b). Hence, as far as the dynamic aspects are con-
cerned, both hinge sequences yield the same second-degree
equations. The generalized aerodynamic forces will be dif-
ferent in the two cases, however. These differences will
become clear later.

Aerodynamics

The flow relative to the blade due to forward flight velocity
V follows immediately from Fig. 2 as

V,=pQRcosyé, — uSlRsinyé, + QRNE, (16)
This expression is independent of the hinge sequence. The
total velocity relative to a blade mass element (aerodynamic
+ dynamic) is given by
Ve =V.—b : 17).
The total velocity for a flap-lag hinge sequence from Eq. 17 is
V. = [r(cosBsin{ + cos{sinBB + Qsing)

+ uQRcosy 1é, — [r(cosit+ QcosBeos))

+pQRsiny ], + [r(sinfsing{ —cosfeosBB) +QRN1¢, (18)
The totél velocity expressed in the blade-fixed system x,y,z, is

required in order to compute the aerodynamic forces acting
on the blade. This is obtained from

VX2y2z2 = [TFL] Tnyz (19)
From Fig. 3, VXzyzZz can also be expressed as
VX2y212=URéx2 —UTéyZ —Upéz2 20)

From Egs. (18-20) the radial, tangential, and perpendicular
components of the total velocity in blade-fixed axes for a flap-
lag hinge sequence are

Uy = uftRcosycosBcosy — uQRsinysing + QRAsinBcosi  (21a)
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Fig.3 Blade element velocities and forces.

Uy =ri+rQcosf + pRcosycospsing
+ pQRsinycos{+ QRNsinBsing (21b)
Up =rfcos¢+ rQsinBsing + uQRcosysing — QRAcosB  (21c)

For a lag-flap hinge sequence, the exﬁressions for Ug, Urp,
and U, are given by

Uy = plRcosycosBeos{ — pfiRsinysin{cosB + QRAsing (22a)
Uy =r{cosf + rdcosB + pRcosysint + uQRsinycost  (22b)

Up =rf+ plRcosysinBcost —QRAcosS — uQRsinysinBsin{
(220)

At this point, it is convenient to indicate and discuss dif-
ferences which appear in the expressions for U, and Up as a
consequence of the hinge sequence. Comparing the present
U expressions through second degree, the only difference is
the additional (underlined) term in Eq. (21b) for the flap-lag
sequence. For the low inflows typical of helicopter rotors,
however, that term is small compared to the remaining terms
in that expression. Comparing the present U, expressions,
there are two differences. First, the underlined term in Eq.
(21¢) for the flap-lag sequence does not appear in the
corresponding expression for the lag-flap sequence. This term
will lead to aerodynamic pitch-lag and pitch-flap coupling
terms associated with steady-state flapping and lagging in the
linear perturbation equations in both hover and forward
flight. The second difference in the U, expressions is the
presence of the underlined term in Eq. (22¢) for the lag-flap
sequence. This term will also lead to pitch-lag and pitch-flap
coupling terms in forward flight. Hence, pitch-lag and pitch-
flap coupling terms appear for both a flap-lag and lag-flap
hinge sequence in the case of forward flight in contrast to the
case of hover where these terms appear only for a flap-lag
hinge sequence.

The lift and drag acting on an elemental section of the blade
can be written directly as

dL = VspacU?adr (23a)
dD= l/zpacUZ(CdO /a)dr (23b)

where (from Fig. 3)
a=0—¢=0—tan "V (Up/Uy) (24)

The section pitch angle 8, assuming no kinematic coupling
and zero pretwist, is given by

0=0.—8,.cosyy—0,siny 25
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Projecting dL and dD along y, and z, directions yields
dF, ,= dLcos¢ — dDsing (26a)
drF, , = dLsin¢ — dDcos¢ (26b)

Combining Egs. (23-26) leads to

aF, =4 vu.+ 5% yy Ja (272)
2, = 72p4C| @ rt+ 2 plar

C
dF,, = = tipac[aUUp+ 2 UL, J0r - @TD)

For the case of a flap-lag hinge sequence, the elemental forces
in the hub-fixed rotating axes xyz follow from

dF, 0
dFy ={Tg] dFy2 (28)
dF, dF,,

Using the principle of virtual work, the generalized
aerodynamic forces are

M= g:{ dr,,.} T[ %Z_ } = S:rcosg'szz (29a)
M= S:{desz[%’;«} = S:rdFyz (29b)

For a lag-flap hinge sequence the generalized aerodynamic
forces are

R
M= So rszz (30a)

R
M, = SO rcosﬁdFy2 ’ (30b)

The induced flow v; appearing in A is calculated by equating
the integrated thrust to the thrust from momentum theory and
leads to the result

S L 31
N
where
b 1 2xp R
Cr= 2 pmQ2R7 So So szod‘l/ (32)

Equations (13a) and (13b) in combination with Eqs. (31) and
(32) comprise the full nonlinear flap-lag equations of motion
for both the flap-lag and lag-flap hinge sequences using the
appropriate definitions of M, and M,.

Linearization of Equations
Common practice in dealing with the nonlinear equations is
to perturb them about some steady-state equilibrium con-
dition by writing
B=B,+4A8  [={,+Af (33)
where 3, and {, are the steady-state values of 3 and ¢, and AS
and A{ are the perturbations from equilibrium. Substituting

Egs. (33) into the nonlinear equations of motion leads to two
sets of equations, one for the trim solution involving 8, and
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¢, and another for the perturbation variables A8 and A{.
Linear perturbation equations are obtained by the usual
practice of discarding all perturbation terms of second degree
or higher.

Trim Equations

In the trim position, the rotor is maintained at a fixed value
of thrust coefficient. Referring to Fig. 2, the requirement for
horizontal and vertical force equilibrium leads to the
following equations

Dy + Hcosa+ Tsina =0 (34a)
Tcosa=mg (34b)
where
b

H= i S S dFXod\I/ (35a)

T b 2xp R .

= — 5

2 So So dFZO dy (359)
deo =dFX0 cosxlx—dFyo siny (35¢)

and the elemental inplane forces dF, and dF , and normal
force dF, are the steady-state values obtained from Eq. 28.
The rotor pitching and rolling-moment equilibrium at the trim
condition is achieved with cyclic pitch sufficient to suppress
first harmonic flapping. Since the steady-state cyclic flapping
angles are zero there is no difference between the shaft angle
and the rotor angle. For simplicity, it is assumed that the
steady-state cyclic lagging angles are zero. This reduces by two
the required number of trim equations. The flap and lag
equations defining the trim conditions thus assume the form

1
By = 07 g rcos§,dF, "Mﬁo 1102 (36a)
I R
witp= 07 SO rdF,, =M, /1 (36b)

The last equation required to complete the set of trim
equations is

Cr/2
ptanoa=A\+ 7\/—27‘——172‘— 37N

There are 11 equations in the nine unknowns 8,, ¢, 0., 0,.
0, v, A, H, and a. Two of the equations are redundant
because the steady-state cyclic lag angles have been set to zero.
The trim equations for a lag-flap hinge sequence can be
obtained from the equations given above for the flap-lag
sequence by simply substituting appropriate expressions for
dFX and dF, 20 in Egs. (35a) and (35b) and for Mﬁ and M
in Egs. (36a) and (36b). The trim equations are ndnlinear m
the trim parameters. However, with the exception of Eq. 31,
only the linearized trim equations are considered in this paper.
In this case, the trim equations are the same for both the flap-
lag and lag-flap hinge sequences.

Perturbation Equations

The perturbation equations for flap-lag stability are ob-
tained by substituting the expressions given by Eq. (33) into
the full nonlinear equations and subtracting out the trim
equations given in Egs. (362a) and (36b) These manipulations
ultimately lead to

AB+20B,AT+205pRAB+p2QAB=AM, /] (38a)

J. AIRCRAFT

AF—298,08+ 28,0, 00{ +02Q?AL =AM, /T (38b)

where

) |
AM, = SO [re0s5y8(dF,, ) = FEoALdF, ] (39a)

R
AM = So ra(dF, ) (39b)

for a flap-lag hinge sequence and

R
AMg= SO rA(dFZZ ) (40a)

R
AM, = So [rcosBOA(dFy2 ) —-rBoAﬁdFyzo ] (40b)

for a lag flap hinge sequence. Expanding A(dF )} and
A(dF y,) in Taylor series about the steady-state equllxb-
rium condmon leads to

A@F,,) = (dFQ )

ad
AUP <o~ WF,,) | AUz
T 0
= Vapacdr{ — UTOAUP + [2UT0 (A

—6).cosy—B,,siny) — Up, 1AU; ) (41a)

A(dF, (

3

+- % @r,yla
BUT( »2 )‘ . Ur

= yzpacdr{[ Ur, (6= 8,ccos)—Bsiny)

~2U,, 1AU, + [U,,o (8, —6,.cosy

—0,siny) +2U7,

%’ﬂ ]AUT} (41b)

While simplifying these expressions it has been assumed that
Upo /Ur, <1 and Cdo /a<1. For a flap-lag hinge sequence

(Up, )i =QR(—N\+pBycosy) +105,8,  (42a)
(AUp) gy =TAB+ 12 (BoAL+ $HAB)
+N2RB,AB + pQRABCOSY (42b)
(Ur, ) g =rQ+pQR(sing + £c08%) + B, QRN (42¢)
(AU) g =rAE—B,A8+NIR (B, AL+ F,AB)
+ uQRAcosy — uQRsing$HAL — uQRcosYB,{,A8  (42d)
For a lag-flap hinge sequence
(Up, ) ir =WUp, ) gL = MoB, = nORB,Spsing (43a)
(AUp) 15 = (AUp) . — r(Bo AL+ £oA6)
~ uQRsiny (B, AL+ $HAB) — ullRcosy B, {HAT (43b)
(Ury) e = (Ur,) ) L — RNy, (430)
(AU7) (g =(AU7) i — QRN(B, AL+ $HAB)

+ uQRCcOSYBy (o AB (@3d)
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Numerical Results

Some numerical results which illustrate the effect of hinge
sequence on blade flap-lag stability in hover are shown in Fig.
4. The solid curves are for a flap-lag hinge sequence and
correspond to the case in which the lag hinge flaps with the
blade; while the dashed curve is for a lag-flap hinge sequence
and corresponds to the case in which the flap hinge lags with
the blade. The value of 6, indicated in the figure is the critical
collective pitch angle above which the blade becomes un-
stable. Combinations of flapping frequencies p and lagging
frequencies w, leading to an instability are given by the areas
inside the boundaries. It is clear that the stability of the system
is different depending on which hinge sequence is employed
and that the magnitude of the difference depends on the
particular combination of flap and lag frequencies which are
selected. Three other conclusions follow from Fig. 4. First,
for a blade having a lag-flap hinge sequence there is no in-
stability for any lagging frequency w. if the flapping fre-
quency p=1. This result is in agreement with the result
given in Ref. 11. Second, for a flap-lag hinge sequence an
instability is possible at p=1 for blades which are stiff inplane
(w; >1). This is a new observation. Third, pitch-flap coupling
associated with steady-state lagging has only a small effect on
stability, at least for the particular rotor parameters indicated
in Fig. 4.

L7 —
FLAP-LAG HINGE SEQUENCE
1.6 (PITCH-LAG COUPLING TERMS ONLY)

FLAP-LAG HINGE SEQUENCE
(PITCH-LAG AND PITCH-FLAP
COUPLING TERMS)

STABLE

L5

14

BLADE 2
INPLANE 1 , /
FREQUENCY,
q /S LAG-FLAP HINGE SEQUENCE
@, 11
C
1.0
\\ 7
09" y=5  0-=005
C, 001 =040
0.8 - 0

L | ! | | ! J
L0 L1 1.2 13 14-15 16

BLADE FLAPPING FREQUENCY, p
Fig. 4 Effect of hinge sequence on flap-lag stability in hover.

FLOQUET THEORY
APPROXIMATE METHOD

—=p =40
y=5 g=005
c, =001 a=0
d
o
BLADE LAGGING " =0 570
FREQUENCY, G, (=000
STABLE

1 A L }
L0 11 1.2 13 1.4 15

BLADE FLAPPING FREQUENCY. p
Fig. 5 Comparison of flap-lag stability boundaries obtained from
Floquet theory and approximate method for lag-flap hinge sequence.
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Some numerical results for the case of forward flight are
presented in Figs. 5-7. Two different methods of solution
were employed to obtain the forward flight results. The first
method of solution is based on Floquet-Liapunov theory for
solving linear differential equations with periodic coefficients
and can be applied to the equations of motion expressed in
either a rotating or a nonrotating system of coordinates. The
second method of solution is based on solving an approximate
system of linear equations with constant coefficients which is
obtained by transforming the equations of motion with
periodic coefficients to a nonrotating, space-fixed coordinate
system and time averaging the periodic coefficients. Both of
these methods of solution are discussed in Ref. 20.

The stability boundaries obtained using the constant
coefficient approximation are compared with those obtained
using Floquet theory in Fig. 5 for a blade having a lag-flap
hinge sequence and operating at advance ratios of 0.20 and
0.40. The combination of flap and lag frequencies which lead
to an instability are within the area enclosed by each of the
boundaries. It should be noted that the blade is not stable for
all values of w, at p=1 as in hover (see Fig. 4) since the region
of instability now extends down to p=1 and includes a range
of values of w, around w, = 1. The instability in the vicinity of
w; =1 is a parametric instability and is a consequence of the
periodicity associated with forward flight. Such instabilities
should be expected whenever w, is close to some integer
multiple(s) of 2 per rev. The overall agreement between the
results of the approximate method and Floquet theory for
both ;=0.20 and x=0.40 is good except in the vicinity of
w, = 1. In this region the Floquet results yield a very narrow
region of parametric instability for both values of x while the
approximate method indicates that the region of parametric

= o =005
- 002 ¢, =00 @ =0
0]
Cp =C4=0 ¢ =0
P
-, 001 |- ¢ =oa /2
BLADE (AG STABLE e
DAMPING, 0, 0 < -
UNSTABLE T 1
N =
~———FLOQUET THEORY Ny, . ——
001 |- —-—APPROXIMATE METHOD™ ~——_ 3
1 LOW FREOUENCY CYCLIC LAG MODE
2 HIGH FREQUENCY CYCLIC LAG MODE
3 COLLECTIVE LAG MODE
01728 W N L | |
0 1 2 3 4 5

ADVANCE RATIO, p

Fig. 6 Comparison of lag mode damping from Floquet theory and
approximate method for lag-flap hinge sequence: p=1.15, w, =1.40.

22
i p=04 =00
Y=5 -
20 = 0=0.05
——————— ¢y =0 o o8
1.8 .=
iy \ = Cy =0
BLADE . \— FLAP-LAG HINGE
INPLANE  Lafh  UNSTABLE StquneE
1
FREQUENCY. 11 siasie y
vo o Lzp STABLE
B

7
P
=7 - LAG-FLAP HINGE SEQUENCE

S RO N DO B
1.0 1 12 13 14 15
BLADE FLAPPING FREQUENCY, p
Fig. 7 Effect of hinge sequence on flap-lag stability in forward flight
(approximate method; p =0.40).
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instability widens with increasing u. It should be noted,
however, that the behavior of the approximate solution with
increasing u is conservative from a stability point of view. The
Floquet theory results shown in Fig. § are in good agreement
with similar results obtained in Ref. 12 using Floquet theory
except in the vicinity of w, =1, where Ref. 12 shows the blade
to be free from parametric instability and stable for all w, at
p=1. Figure 5 clearly demonstrates that the constant coef-
ficient approximation is in excellent agreement with Floquet
theory for x4 =0.20 and in generally good agreement for
p=0.40. These findings are at variance with that of Ref. 12
which concluded that a constant coefficient approximation
was good only for p<0.10. This indicates that the present
approximate method, which is based on time averaging the
periodic coefficients of the equations of motion expressed in
the fixed. system, is significantly better than a constant
coefficient approximation which is obtained by time
averaging in the rotating system, such as done in Ref. 12.
Thus, the present results reconfirm the range of applicability
of the constant coefficient approximation established in Ref.
20.

A comparison of the variation of lag mode damping with
advance ratio predicted using Floquet theory and the ap-
proximate method for a lag-flap hinge sequence is made in
Fig. 6.% The results obtained by applying Floquet theory to
the equations with periodic coefficients expressed in both
rotating and nonrotating coordinate systems are identical and
hence the two curves are coincident, as should be expected.
The damping in all three lag modes obtained by the ap-
proximate method agrees well with the damping predicted
using Floquet theory at low advance ratios, where the in-
fluence of the periodic coefficients is small. As the advance
ratio is increased, the damping associated with the low-
frequency cyclic lag mode and the collective lag mode remain
in good to fair agreement with the Floquet theory damping
results through p=0.50. The damping associated with the
high-frequency cyclic lag mode, although exhibiting the
proper trend, is in poor numerical agreement with the
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damping obtained using Floquet theory. It should be noted,
however, that the damping of the mode most critical from a
stability point of view (mode #3) is in good agreement with
Floquet theory through pu=0.40. In particular, it should be
noted that the advance ratio for the onset of instability
predicted using the approximate method is in good agreement
with that predicted using Floquet theory.

The influence of hinge sequence on stability in forward
flight as predicted using the constant coefficient ap-
proximation is indicated in Fig. 7 for 4 =0.40. Again, the
regions within the boundaries represent combinations of flap
and lag frequencies which lead to an instability. As in the case
of hover, the stability of the system in forward flight can be
sensitive to the hinge sequence employed, depending on the
system parameters.

The numerical results presented have all been based on the
assumption that the blade has zero structural damping. In
practice, a blade will have some inherent structural damping,
albeit small. A cursory examination of the effect of blade
lead-lag structural damping on stability showed that 0.5% of
critical damping eliminated the regions of instability for the
particular parameters considered in the numerical examples.
However, additional studies on the influence of structural
damping should be conducted over a broad range of practical
system parameters in order to provide a more realistic
assessment on the effect of damping.

Hover Stability Using Routh’s Criterion

It is of interest to examine whether the main conclusions
established earlier for the case of hover by a numerical
analysis of the perturbation equations which retain all the
linear terms can be established more simply using Routh’s
criterion applied to the characteristic equation associated with
a simplified form of the perturbation equations which retain
only the predominant linear terms. Specializing the equations
of motion developed above to the case of hover and taking the
Laplace transform assuming zero initial conditions, the
resulting perturbation equations of motion corresponding to a
flap-lag hinge sequence are given by
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and all terms containing the product 8, {, have been
discarded. Zero structural damping has also been assumed.
By virtue of discarding the terms containing the product 3, {,,
the steady-state equations defining 3, and {, are independent
of the hinge sequence and are given by

p? o Bo 0.—A

C)

C
_<A0C+_f2 -

: )

Comparing Egs. (44) and (43), it is clear that the perturbation
equations developed for a lag-flap hinge sequence are not
rigorously applicable to a blade which has a flap-lag hinge
sequence,

It should be noted that all the aerodynamic terms involving
B, and ¢, in Eq. (44) are stiffness terms. These aerodynamic
stiffness terms are further simplified by introducing an or-
dering scheme to reduce the algebraic manipulations while
applying Routh’s criterion. In this simplification, it is first
assumed that 8,, &, 0., and A are of first order and that C
and Cdo/a are of second order. Then, all aerodynamic stiff-
ness terms of second order or higher are discarded in the flap
equation and all aerodynamic stiffness terms of third order or
higher are discarded in the lag equation. Under these con-
ditions, the perturbation equations for a flap-lag hinge
sequence given by Eq. (44) reduce to

42
0 wi

It should be noted that the ordering scheme employed leads to
the retention of the aerodynamic stiffness term (y/8)(8,—
2A4)B, in the lag equation. This term may not be neglected
compared to wg for articulated rotor blades which have very
low inplane frequencies. The simplified perturbation equa-
tions for a lag-flap hinge sequence which follow from Eq.
(45) have the same form as Eq. (48) but without the un-
derlined terms. The steady-state equations are unchanged and
are still given by Eq. (47). The doubly underlined terms in
Eqs. (48) are the pitch-lag coupling terms and the singly
underlined terms are the pitch-flap coupling terms associated
with steady-state values of 8 and ¢{.

Applying Routh’s criterion to the characteristic equation
obtained from Eq. (48) after setting {, to zero for further
simplicity, the requirement for stability is given by the ex-
pression
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where

D=2Cy, /a, P=p?, W=wi, n=v/8 (50)
The pitch-lag coupling terms which are associated with a flap-
lag hinge sequence are underlined in Eq. (49). Several con-
clusions follow from Eq. (49). First, for P=p2=1 and no
additional terms there is no possibility of instability for any
w?, which is in agreement with the numerical results of Fig. 4
and the results of Ref. 11. Second, making assumptions
similar to those in Ref. 3 (p=1, 8,=8,, A=0) and mcludmg

the underlined terms Eq. (49) reduces to

C, C,
2— (wg, 1)2+w22—+ 2(1— w:)>0 (639

where several third and higher order terms associated with
drag and 3, have been discarded. It is clear from Eq. (51) that
for soft-inplane (“’_r<1) rotors there is no possibility for
instability. This result is in agreement with Ref. 3 as well as
the numerical results of Fig. 4. Third, for a stiff-inplane
w,>1) rotor, Eq. (51) indicates that instability is possible.
This result is also in agreement with the numerical results of
Fig. 4. The possibility of an instability for Zo_r>l is a direct
consequence of the underlined terms in Eq. (51), which, in
turn, are associated with the inclusion of the pitch-lag
coupling terms in Eq. (48). As pointed out earlier, the
possibility of an instability at p=1 for a blade in which the lag

hinge flaps is a new result. Thus, all the conclusions
“ s T
—A)]s+%;8,, AB
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established using Routh’s criterion applied to the charac-
teristic equation associated with a simplified form of the
perturbation equations which retain only the predominant
linear terms are in agreement with the numerical results
established earlier using the perturbation equations which
retain all the linear terms.

Conclusions

The principal findings of the present study may be sum-
marized as follows:

1) Several differences in the equations of motion for blade
flap-lag stability in the existing literature have been identified.
A rigorous and systematic development of these equations for
a rigid articulated blade in both hover and forward flight
yields some linear coupling terms associated with blade
steady-state flapping and lagging in the perturbation
equations for the case in which the lag hinge flaps with the
blade. The effect of these differences on stability have not
been clearly addressed in the literature.

2) For a rigid hinged blade or a hingeless blade treated by
virtual hinges, the appearance of these coupling terms in the
equations of motion depends on whether or not the lag hinge
flaps with the blade. For the particular case in which the lag
hinge flaps with the blade, a flap-lag instability was shown to
be possible for an articulated blade without hinge offset
(p=1) and no structural damping. This is a new observation.

3) The pitch-lag coupling terms associated with a flap-lag
hinge sequence have varying degrees of influence on flap-lag
stability in both hover and forward flight, depending on the
system parameters. Pitch-flap coupling associated with
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steady-state lagging was found to have only a small effect on
stability for the range of parameters investigated.

4) The applicability of an approximate method of analysis
based on time averaging the periodic coefficients of the flap-
lag equations of motion expressed in the fixed system was
demonstrated up to 4 <0.40.
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The technology of remote sensing of Earth from orbiting spacecraft has advanced rapidly from the time two decades ago
when the first Earth satellites returned simple radio transmissions and simple photographic information to Earth receivers.
The advance has been largely the result of greatly improved detection sensitivity, signal discrimination, and response time of
the sensors, as well as the introduction of new and diverse sensors for different physical and chemical functions. But the
systems for such remote sensing have until now remained essentially unaltered: raw signals are radioed to ground receivers
where the electrical quantities are recorded, converted, zero-adjusted, computed, and tabulated by specially designed
electronic apparatus and large main-frame computers. The redent emergence of efficient detector arrays, microprocessors,
integrated electronics, and specialized computer circuitry has sparked a revolution in sensor system technology, the so-called
smart sensor. By incorporating many or all of the processing functions within the sensor device itself, a smart sensor can,
with greater versatility, extract much more useful information from the received physical signals than a simple sensor, and it
can handle a much larger volume of data. Smart sensor systems are expected to find application for remote data collection
not only in spacecraft but in terrestrial systems as well, in order to circumvent the cumbersome methods associated with
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